A coupled mode formalism can describe energy loss due to all possible mechanisms within an ocean waveguide including bulk attenuation, scattering from rough surfaces, and volume inhomogeneities. Corrections produced from mode-couplings can be incorporated into the modal loss. Accounting for these losses within an adiabatic mode approach would provide improvements over current standard modal propagation models. Highlights of the formalism for scattering from a rough surface will be provided.
I. INTRODUCTION
A variety of coupled mode effects in underwater acoustic propagation can be examined by numerical calculations for simplified environments with a full coupled mode model. [1] [2] [3] Calculations with the Problem I environment for the Reverberation Modeling Workshop I (RMWI) have been performed to examine some of these effects. [4] [5] [6] Another way to examine coupled mode effects is to produce analytic approximations for some of the properties of the numerical calculations, e.g., reverberation levels from a Born approximation. 7 Two of the effects for small roughness that are evident in the RMWI numerical model results of the single frequency acoustic field 8 are that 1) the untrapped mode, range dependent amplitudes appear to saturate at some low level, and 2) the range dependent trapped mode amplitudes exhibit a loss due to scattering of the forward propagated source (direct blast) field, in addition to the flat bottom waveguide loss. In this paper, a derivation is outlined that connects these two effects and provides analytic estimates for the range dependent untrapped mode amplitudes and for the additional scattering loss of the trapped modes.
The example for the calculations and the blueprint for the analytic derivation is outlined in Sec. II. The calculation of the untrapped mode amplitude is discussed in Sec. III. Then, the calculation of the additional scattering loss is outlined in Sec. IV.
II. NUMERICAL EXAMPLE
The environment for the RMWI Problem 1 is a two-dimensional (2D, depth and horizontal extent only) Pekeris waveguide, except for a rough water-sediment interface defined by the "rough-rough" realization. 4, 5 The source and receiver are in the water column. To simplify the analytic derivation for the effects of the coupling and to produce a comparison to the results of the numerical modeling, a variant of the RMWI Problem 1 is addressed for which the bottom is flat in the section of the environment around the source, and for which only a single trapped mode is excited by the source. In addition, the problem is modified to have the absorption in the bottom be zero. In this paper, the range dependent amplitudes of the untrapped modes are estimated from the Born approximation for their field components that are produced by scattering of an incident, initially excited, trapped mode. This part of the derivation is discussed in Sec. III and follows directly from the result in Ref. 7 for the untrapped mode amplitude components to lowest order in the roughness. To next order the excitation of the untrapped modes by the single excited trapped mode is accounted for by a modification of the horizontal wavenumber of the trapped mode, and this result is summarized in Sec. IV.
III. COUPLED MODE BORN APPROXIMATION
For convenience, the notation in the remainder of this paper is similar to that of Ref. 7 . The pressure p as a function of depth z and range x is expanded in terms of eigenfunctions Ψ m (z,x) for a depth dependent environment. The equation for the range functions R m (x) that are the coefficients in this expansion for the pressure has the Helmholtz-like form
where, on the right side in the first term, the source (direct blast) excitation of mode m depends on the mode function at the source depth z s and the density ρ s at the source depth. The mode coupling coefficients are the B mn and C mn In Eq. 1. The coupling coefficients are determined in such a way that Eq. 1 produces modal range functions that permit the pressure and the normal displacement to be continuous across the rough surface. The mode eigenvalue k m in Eq. 1 has an imaginary part α m . For the trapped modes, α m =0 because the problem of interest has no absorption in the bottom, but an untrapped modes has a non-zero α m because it radiates into the bottom.
For the 2D problem of interest, the applicable derivation for the portion of the range functions due to scattering is given in Ref. 7 . In that calculation of the lowest order effects of the roughness, once the mode coupling coefficients have been calculated in terms of the bottom depth variation, the mode eigenvalues and depth eigenfunctions can be replaced everywhere by their values for the average water depth (flat bottom). Then, for the untrapped (or initially unexcited trapped) modes the range function R n (x) in the sum on the right side of Eq. 1 is replaced by the trapped mode direct blast [-Ψ m (z)g(x)/ρ s ]. Thus, to lowest order in the bottom depth variation h(x'), i.e., the difference of the local water depth from the flat bottom depth, the mode amplitude for an untrapped mode at horizontal position x (cf. Eq. 21 of Ref. 
where W(λ) is the bottom roughness spectrum at wavenumber λ, and the range functions on the right side of Eq. 4 are given by the expression for the direct blast. The first term on the left is the contribution scattered forward from the direct blast modal components, and the second term on the right is the contribution scattered backward from the direct blast modal components. The result given by Eq. 4 is valid at positions x well within the interval [a,b] and is consistent with the notion that the untrapped mode amplitude at x is dominated by the scattering of trapped modes at nearby positions x'. The result in Eq. 4 may also be applied to initially unexcited trapped modes for the 2D problem of interest, but the eigenvalue for the trapped modes must be modified first, as discussed in Sec. IV, to avoid a divergence of the amplitude if the denominator is zero on the right side of Eq. 4 because α m =0 for the unmodified mode eigenvalues. For an initially excited mode the contribution from the other excited modes to its mode amplitude must be combined with the source term (direct blast), instead of applying Eq. 4, but the scattering contribution to the forward propagated trapped mode amplitude will be negligible for small roughness except for an accounting of the scattering loss from the direct blast field.
IV. SCATTERING LOSS ESTIMATION
In previous work (e.g., Ref. 9) that provided estimates of the additional modal loss produced by scattering from a rough surface, the approach taken was to incorporate the approximate effect of the rough surface into the calculation of the vertical normal modes themselves. Instead, this paper takes a coupled mode approach in which the vertical normal modes are calculated for a locally flat environment, i.e., ignoring the roughness, and the effect of the roughness is included in the calculation of the range functions that appear in the normal mode sum for the pressure. In effect, some of the coupling from the second term on the right side of Eq. 1 is proportional to R m , and can be moved to the left side of Eq. 1 to be treated as a modification of k 
By assuming that the R n'=m (x') appearing on the right side of Eq. 5 has the same form as the direct blast and by following a procedure similar to that which produced Eq. 4, it is possible to replace k 2 m on the left side of Eq. 1 with Figure 2 shows, for the problem described in Sec. II, comparisons of the additional loss (relative to propagation over a flat bottom) obtained from applying Eq. 6 for propagation over a rough patch of length D=3250 m to the result produced by a coupled mode model calculation (as described in Ref. 8) . The reference Kirchhoff loss is 2γ 2 m <h 2 >, where γ m is the vertical wavenumber for mode m, and <h 2 > is the mean square roughness. The comparisons in Fig. 2 were generated for four values of the roughness by taking the rough-rough realization provided for the RMWI workshop and multiplying the water depth variation h(x) by 1.0, 1.5, 2.0, and 2.5, which changes the mean square roughness by the square of these factors without otherwise changing the shape of the roughness spectrum W(λ). This means that the second term on the right side of Eq. 6 also scales as <h 2 >, and for small roughness, so does the additional loss. The numerical model calculations appear to exhibit the same scaling. 
V. CONCLUSION
This paper outlined analytic estimates for two of the effects of ocean acoustic propagation over a bottom with small roughness. An analytic expression was presented for the squared magnitudes of the untrapped mode amplitudes that are driven by a steady conversion of trapped mode energy. The analytic estimates track the order of magnitude variation of the untrapped mode amplitudes obtained from a coupled mode model calculation. Similarly, an analytic expression for the additional loss of trapped mode energy due to scattering from a rough bottom was derived. In comparison with results from a coupled mode mode calculation for the additional loss experienced by a trapped mode due to propagation over a rough bottom section, the analytic result exhibits the dependence on the mean square roughness that is obtained from the numerical result. The derivation of the analytic results shows how the two effects are connected.
